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Mass dependence of the hairpin vertex in quenched QCD

Stephen R. Sharpe*
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The pseudoscalar ‘‘hairpin’’ vertex~i.e., quark-disconnected vertex! plays a key role in quenched chiral
perturbation theory. Direct calculations using lattice simulations find that it has a significant dependence on the
quark mass. I show that this mass dependence can be used to determine the quenched Gasser-Leutwyler
constantL5. This complements the calculation ofL5 using the mass dependence of the axial decay constant of
the pion. In an appendix, I discuss power counting for quenched chiral perturbation theory and describe the
particular scheme used in this paper.
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I. INTRODUCTION

Although the quenched approximation to QCD is bei
gradually superseded by unquenched simulations, it rem
useful as a qualitative guide to the physics of QCD, and a
testing ground for new methods of discretizing light ferm
ons. In the latter role, the unphysical chiral singularities
quenched QCD turn out to be helpful—reproducing th
provides evidence that the light fermion method under st
can approach the chiral limit. Examples of these singulari
are the enhanced chiral logarithms in the pion mass and
pseudoscalar decay constant@1,2#. The source of these sin
gularities is the hairpin vertex, i.e., the appearance o
double-pole contribution in the flavor-singlet pion two-poi
function. In infinite volume~where the contributions of exac
zero modes vanish! this vertex is the key unphysical featu
of quenched QCD.

Quenched chiral perturbation theory (QxPT) allows one
to systematically predict the form of these singularities. A
though QxPT does not have the same theoretical underp
nings as chiral perturbation theory for unquenched QCD,
thus must be treated as a phenomenological theory, it
been quite successful in describing the properties of li
pseudo-Goldstone bosons. A particularly thorough study
been undertaken by Bardeen, Duncan, Eichten, and Tha
@3,4# ~BDET!.1 They find that consistent values of the hairp
vertex can be obtained both from a direct calculation of
hairpin correlator and from fitting to the chiral logarithm
predicted from loop contributions to various quantities.

There is, however, a puzzling aspect to the results for
hairpin vertex. On the one hand, the vertex is found to h
substantial dependence on quark mass. As I argued in
@11#, this can be explained by a nonzero value for t
momentum-dependent part of the hairpin vertex (aF;0.5 in
the notation explained below!. On the other hand, BDET
note that, at tree level, one can also determineaF from the
coefficient of the subleading single-pole contribution to t
hairpin correlator. They find thataF determined in this way
is much smaller than that determined from the mass dep
dence, and, in fact, is consistent with zero.

*Electronic address: sharpe@phys.washington.edu
1See also the work of Refs.@5–10#.
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The purpose of this paper is to resolve the discrepa
between these two methods for determiningaF . It turns out
that, at next-to-leading-order~NLO! in quenched chiral per-
turbation theory, the hairpin vertex picks up a mass dep
dence proportional toL5 ~the quenched analog of corre
sponding Gasser-Leutwyler constant!, in addition to that
proportional toaF . The coefficient of the single pole, how
ever, is not affected at this order, and remains proportiona
aF alone. This allows a consistent description of the hair
results: one should use the BDET method to determineaF ,
with a result close to zero, while the mass dependence of
hairpin vertex determinesL5. This provides a check of de
terminations ofL5 based on the mass dependence of the a
decay constant.

II. DETAILS OF THE CALCULATION

I consider quenched QCD withNV valence quarks. For
the following considerations I needNV>2, and for definite-
ness I useNV53. I take all the quarks to be degenera
since this is what has been done in numerical evaluation
the hairpin vertex. The leading order quenched chiral L
grangian is then@1,2#

L05
f 2

4
Str~]mU]mU†2xU2U†x!1m0

2F0
21aF~]mF0!2,

~1!

where ‘‘Str’’ indicates supertrace,U5exp(2iF/f) is an ele-
ment of U(3u3), F contains the pseudo-Goldstone boso
and fermions, andF05Str(F)/A3 is the ‘‘super-h8’’ field.
Quark masses are contained withinx52B0M , where M
5diag(m,m,m,m,m,m) is the mass matrix of quarks an
ghost quarks. I assume thatm is small enough that it is ap
propriate to use chiral perturbation theory to describe
properties of the pseudo-Goldstone hadrons.

The parametersf ~pion axial decay constant in the chira
limit, normalized so it is close to 90 MeV! and B0 are the
quenched analogs of the corresponding parameters tha
pear in the unquenched chiral Lagrangian. The parame
m0 andaF are, however, special to quenched chiral pert
bation theory, in which one cannot integrate out theF0. In
©2004 The American Physical Society04-1
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the largeNc and chiral limits, one can show thatm05mh8
@1,2#. Assuming this holds also atNc53, one expectsm0
'0.85 GeV. The presence of the new mass scalem0 gives
rise to the enhanced singularities of the quenched theory
strength of which is parameterized byd5m0

2/(48p2f 2). It
will be useful in the following to keep in mind the approx
mate value ofd. The naive estimate~using QCD values for
the parameters! is d'0.2, while simulations find values in
the ranged50.1–0.2 ~for a recent review see Ref.@12#!.
What is most important about these values is that they
small.

The present calculation will be performed at NLO in
power counting scheme for quenched chiral perturba
theory described in the Appendix. It will require the standa
NLO Lagrangian of the unquenched theory, suitably gen
alized by changing traces to supertraces, plus an additi
term:

L1A52L1@Str~]mU]mU†!#2

2L2Str~]mU]nU†!Str~]mU]nU†!

2L3Str~]mU]mU†]nU]nU†!

1L4Str~]U]U†!Str~xU†1Ux!

1L5Str~]U]U†@xU†1Ux#!2L6@Str~xU†1Ux!#2

2L7@Str~xU†2Ux!#22L8$Str~UxUx!

1Str~xU†xU†!%2LQStr~]mU]nU†]mU]nU†!. ~2!

Here L128 are the quenched analogs of the correspond
Gasser-Leutwyler coefficients.LQ multiplies an operator
which is not independent in unquenchedSU(2) or SU(3)
chiral perturbation theory, but which is independent in t
quenched and partially quenched theories. Its presenc
partially quenched theories was noted and explained rece
@13#. That it is also needed in the quenched theory can
seen by generalizing the arguments given there.

In the quenched theory, one must also include other
erators obtained from those inL0 andL1A by multiplying by
powers ofF0. These introduce many new constants. It tu
out, however, that the resulting operators do not contribut
NLO to the quantities I consider here, as explained in
Appendix. For illustration, I list two of the leading operato
of this type:

L1B5v0~m0
2/ f 2!F0

42v8L8~ iF0 / f !$Str~UxUx!

2Str~xU†xU†!%, ~3!

wherev0,8 are additional couplings.
Following BDET, I consider the following correlation

functions:

D̃c~p!5E
x
e2 ip•x^q̄Ag5qB~x!q̄Bg5qA~0!&, ~4!

D̃h~p!5E
x
e2 ip•x^q̄Ag5qA~x!q̄Bg5qB~0!&. ~5!
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Here qA and qB are two different valence quarks, and th
expectation value indicates the quenched average. The
scripts c and h are a reminder that only quark-connect
contractions contribute toD̃c , whereasD̃h contains only
quark-disconnected contractions. In other words,D̃c is the
usual nonsinglet pseudoscalar two-point correlator, whileD̃h
is the pseudoscalar hairpin correlator. These are the cor
tors used in simulations to study the hairpin vertex.

At low momenta the connected correlator is well d
scribed by a single pole

D̃c~p!52
f P

2

p21Mp
2

1nonpole, ~6!

where f P is, by definition, the pseudoscalar decay consta
and the sign arises from Wick contractions. By contrast,
hairpin correlator is observed to have a leading double-p
contribution:

D̃h~p!5D
f P

2

~p21Mp
2 !2

1S
f P

2

p21Mp
2

1nonpole, ~7!

wheref P is to be determined from Eq.~6!. I will refer to the
residuesD andS as the hairpin and single-pole coefficient
respectively. They are defined to be independent ofp2, but
can depend onmq , as dof P andMp .

With this notation in hand, I can now state more precis
the observations made in BDET and previous work. Th
are, first, thatS'0, i.e. thatD̃h(p) is consistent with a pure
double-pole; and, second, thatD has a significant mass de
pendence. I now turn to the predictions of the quenched
ral Lagrangian forD andS.

To begin with I need to determine the operator in t
effective theory that matches onto the pseudoscalar den
This can be done, as in unquenched chiral perturba
theory, by taking appropriate derivatives with respect to
quark mass matrix, treating the latter as a source. At lead
order, usingL0, this gives q̄Ag5qB→2iB0f FAB1O(F3),
for all A andB, leading to the tree-level results

D̃c~p!52
~2B0f !2

p21x
, ~8!

D̃h~p!5
~m0

21aFp2!

3

~2B0f !2

~p21x!2
. ~9!

Comparing to Eqs.~6! and ~7! I find

Mp
2 5x; f P52B0f ; D5

m0
22aFMp

2

3
; S5

aF

3
.

~10!

These leading order results are well known@1#, and agree
with those quoted in BDET when normalization and si
conventions are taken into account.
4-2
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MASS DEPENDENCE OF THE HAIRPIN VERTEX IN . . . PHYSICAL REVIEW D69, 034504 ~2004!
As noted above, at this orderaF provides both the mas
dependence ofD and the value forS. It is perhaps worth
understanding this point in more detail. One might ha
thought that a term inL0 of the form

~ f 2/4!v2Str~xU†2Ux!iF0 / f ~11!

would provide additional mass dependence to the hai
vertex, and thus break the correlation betweenD and S.
However, this term also contributes to the effective fie
theory expression for the pseudoscalar density, and lead
an additional term inS, in such a way thatv2 can be ab-
sorbed into a redefinition ofaF . This is a consequence o
the fact, noted in Ref.@1#, that thev2 term ~11! can be re-
moved by a field redefinition@explicitly this is U→Uexp
(2iv2F0 /f)] and a redefinition of parameters (aF→aF

2A3v2).
Before proceeding to the details of the NLO calculation

is necessary to discuss the power counting appropriat
quenched chiral perturbation theory. I give an overview h
and a comprehensive discussion in the Appendix. Stand
unquenched chiral perturbation theory is, in the meson s
tor, an expansion ine2;Mp

2 /Lx
2;p2/Lx

2 , where Lx

54p f . The issue in quenched chiral perturbation theory
how to treat the extra constants that appear, the most im
tant of which ism0. This appears in two dimensionless com
binations in the calculations considered here. First, loop c
tributions are suppressed by powers ofd5m0

2/(3Lx
2),

which, as noted above, is numerically small.2 Second, the
ratio of the two terms contributing toD in Eq. ~10! is
aFMp

2 /m0
2 . It is also reasonable to treat this combination

small, given thatm0 is close toLx andaF is small. To do so
consistently, however, one must develop a systematic po
counting scheme in which both combinations are small,
for which one can assess the relative size of other contr
tions.

Two such schemes are explained in the Appendix. In
first ~the standard or PC1 scheme! one takesd;aF/3;e2,
while in the second~the PC2 scheme! d;aF/3;e4/3. In
both schemes theaF contribution toD is nonleading:

aFMp
2

m0
2

5
aF

3

e2

d
;e2 PC1/PC2. ~12!

The schemes differ, however, in the size of other contri
tions. In the PC2 scheme, sinced is larger thane2, ‘‘second-
order’’ terms of sized2, de2, and e4 are progressively
smaller, while all three are treated as of the same size in P
Thus the PC2 scheme has some similarities to that use

2In fact, the leading logarithmic corrections are proportional
powers ofd log(Mp /m), with m the regularization scale, and thu
dominate over the leading term in the extreme chiral limit. For m
practical simulations, however, including those of BDET, the log
rithm is of O(1), anddoes not lead to a significant enhancemen
assume this to be case in the power counting schemes I use.
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BDET, in which terms of relative sizede2log(Mp /m) are
kept, but those of sizee4 are not. This point is discusse
further in the Appendix.

In this paper I calculate the connected and disconnec
correlators at NLO in the PC2 scheme. By NLO I mean th
corrections of size up to and includinge2 relative to the
leading contribution are included. After amputation, the d
connected vertex has the formD1(p21Mp

2 )S1 •••, from
which one can extractD and S. Note that one obtains a
lower order result forS than for D because of the explici
factor of (p21Mp

2 ) multiplying S.
I choose the PC2 scheme because it reduces the nu

of diagrams that contribute and thus simplifies the calcu
tion. In both schemes, however, the general point is
same: there are other terms that contribute at the same o
as theaF vertex, and these must be included.

The calculation of the connected correlator is stand
and leads to the replacement off P and Mp

2 in Eq. ~6! with
their NLO expressions. The leading diagrams that contrib
can be deduced from those in Figs. 1 and 3 by removing
rightmost propagator and the hairpin vertex to which
couples. As can be seen from Table I, a NLO calculat
involves only diagrams~a! and~b! from both figures—other
diagrams are of higher order thane2 in both power counting
schemes. The explicit expressions forf P and Mp

2 are given
in BDET and elsewhere, with the latter repeated in the A
pendix, Eq.~A8!. They are not needed to determineD andS.

For the disconnected correlator, one can divide the con
butions into the four classes.~1! Those renormalizing the
external pseudoscalar density, and which would be pre
also if the density were flavor nonsinglet. Examples of the
are shown in Fig. 1.~2! Those renormalizing the externa
density, but which are present only because the densit
flavor singlet. These contribute only to the single pole a
plitude S, but not toD. Examples are shown in Fig. 2.~3!
Those renormalizing the mass and wave function of
pseudo-Goldstone boson, shown in Fig. 3.~4! Those associ-
ated with the hairpin vertex, shown in Fig. 4. Two observ
tions greatly simplify the calculation. First, the contributio
of classes~1! and ~3! are identical to those appearing in th
connected correlator. This means that the same express
for f P and Mp

2 apply to both connected and disconnect

t
-
I

FIG. 1. Examples of diagrams contributing to the pseudosc
hairpin correlator that are associated with vertex renormalizat
Simple vertices are from the first two terms inL0, crosses indicate
m0 or aF vertices, filled boxes are interactions fromL1A , with the
specific term that contributes being noted. Note that if the rightm
propagator and hairpin vertex are removed, these become cont
tions to the quark-connected correlator.
4-3
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TABLE I. Leading contributions to the quark-connected two-point correlator in quenched chiral perturbation theory. PC gives the
the diagram relative toA25x using the general power-counting formula, Eq.~A5!, while PC1 and PC2 refer to the two specific schem
discussed in the text. All contributions up to relative sizee4 in one or both power-counting schemes are included. The references to F
refer to the parts of the diagrams to the left of the rightmost hairpin vertex~which are thus quark-connected!.

n, nd na n1 nf PC PC1 PC2 Figure Comment

0 0 0 0 0 1 1 1
0 0 0 1 0 e2 e2 e2 3~b! L5 andL8 contribute
0 0 0 2 0 e4 e4 e4

1 0 0 0 0 e2 Absent
1 1 0 0 0 d e2 e4/3 3~a! Quenched Chiral Log
1 0 0 0 1 e2/Nc Absent
1 0 1 0 0 (aF/3)e2 e4 e10/3 3~a! LeadingaF term
1 1 0 1 0 de2 e4 e10/3 3~e! L3 , L5 , L8, andLQ contribute
1 0 0 1 0 e4 e4 e4

2 1 0 0 0 de2 Absent
2 2 0 0 0 d2 e4 e8/3 3~c,d! Full result not available
2 0 0 0 0 e4 e4 e4

2 1 0 0 1 de2/Nc Absent
3 3 0 0 0 d3 e6 e4
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FIG. 2. Examples of diagrams contributing to the pseudosc
hairpin correlator that contribute directly to the single pole resid
S. Notation is as in Figs. 1, except that boxes with attached arr
heads are fromL1B ~the arrowhead indicating theF0 field!.

FIG. 3. Examples of diagrams contributing to the pseudosc
hairpin correlator that are associated with pion mass and wave f
tion renormalization. Notation is as in Fig. 1. Note that if the righ
most propagator and hairpin vertex are removed, these are co
butions to the quark-connected correlator.
03450
correlators—as one would have expected. Second, all co
butions of classes~2! and ~4!, aside from the leading orde
diagram Fig. 4~a!, are smaller than NLO.3

These observations imply that the sole NLO correction
the hairpin vertex in the PC2 scheme comes from wave fu
tion renormalization. This in turn arises at NLO only fro
Fig. 3~b!, as Fig. 3~a! only renormalizes the mass. Sinc
there are two boson propagators in the disconnected
relator, compared to only one in the connected correla
only ‘‘half’’ of the wave function renormalization in the dis
connected case is absorbed into the one-loop result forf P

2 .
The other half renormalizes the hairpin vertex, leading to
results4

D5
1

3 H m0
2S 128L5

x

f 2D 2aFMp
2 J ; S5

aF

3
. ~13!

Note that the NLO contributions do not changeS from its
tree level value in Eq.~10!. In particular, the correction toS
from wave function renormalization is a correction of rel
tive size e4 in the amputated disconnected correlator, a
thus beyond the order I am considering. Note also that
can interchangex andMp

2 in the result, as the difference i
of higher order than I consider.

Equation~13! is the new result of this paper. It shows th
the mass dependence of the hairpinD is not tied to the co-

3This simplification does not occur in the PC1 scheme, in which
NLO one must also calculate Figs. 2~a,b! and 4~b,c!.

4In an earlier version of this paper I also kept corrections of re
tive sizeed2log(Mp /m), coming from Fig. 3~e!, as in the calculation
of BDET. The analysis in the Appendix shows that in either pow
counting scheme one should then also include all the other diagr
in Figs. 3 and 4, including nontrivial two loop diagrams. I have n
attempted this calculation.
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MASS DEPENDENCE OF THE HAIRPIN VERTEX IN . . . PHYSICAL REVIEW D69, 034504 ~2004!
efficient of the single poleS. Thus, in particular, the single
pole term can be absent~as found, to good approximation, b
BDET!, but the hairpin vertex can have a linear depende
on Mp

2 . Furthermore, the latter dependence provides an
ternative method for determiningL5.

There is a nice consistency check on the result~13!. At
p50, the hairpin correlator is proportional to the topologic
susceptibility of the pure gauge theory@15#

m2D̃h~p50!5x t5^n2&/V, ~14!

wherem is the quark mass,n the topological charge, andV
the four dimensional volume. This is the ‘‘fermionic
method for measuring the susceptibility. Since this form
holds for anym, and x t , being a pure gauge quantity,
independent ofm, the left-hand-side should also be indepe
dent ofm. Inserting Eq.~13! into the general form~7! I find

m2D̃h~p50!5
m2f P

2

Mp
4 @D1SMp

2 1O~Mp
4 !# ~15!

5
m2f P

2m0
2

3Mp
4 S 128L5

x

f 2D ~16!

5
f A

2m0
2

12 S 128L5

x

f 2D , ~17!

where in the last step I have used the axial Ward iden
2m fP5Mp

2 f A , which holds to all orders in chiral perturba
tion theory~and can be checked at NLO from the expressio
in BDET!.5 Using the expression given in BDET for th
axial decay constantf A , I find

m2D̃h~p50!5
f 2m0

2

6
. ~18!

This is independent of the quark mass, as required.

5Here I use the BDET normalization such thatf A5A2 f in the
chiral limit.

FIG. 4. Examples of diagrams contributing to the pseudosc
hairpin correlator that are associated with renormalization of
hairpin vertex itself. Notation is as in Figs. 1 and 2.
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One can try turning this argument around, i.e., assum
~18! and deriving Eq.~13!. This will, however, only con-
strain the combinationD1Mp

2 S, and not allow a separat
determination ofD andS.

I close this section with a technical comment. In order
predict the coefficient of the single pole in the hairpin co
relator one must control the corrections to the operator
creates the meson atO(p2) relative to the leading order. Thi
is because such a correction multiplying the double p
leads to a contribution to the single pole. Thus it is cruc
that one calculate the hairpin correlator with an operator t
can be matched onto the effective theory without introduc
additional coefficients atO(p2). This is only true for the
pseudoscalar density, used here, and for the axial curr
With any other operator coupling to the pseudoscalar mes
e.g., q̄]2g5q, the coefficient of the single pole could not b
predicted.

In light of this discussion, one might be concerned ab
the need to include the operator

Str~x]2@U1U†# ! ~19!

in L1A , since this would give a contribution to the pseud
scalar density proportional top2F. It turns out, however,
that this operator can be removed~as in unquenched chira
perturbation theory! by a field definition and appropriat
shifts in L5 , L8 andaF . Thus it is a redundant operator.6 I
have checked this by explicitly calculating its contributio
to f A , f P and D̃c,h .

III. CONCLUSION

In this note I have presented a complete NLO calculat
of the hairpin vertex in quenched chiral perturbation theo
The result, Eq.~13!, resolves a puzzle concerning the det
mination of the parameteraF . The method I had propose
in Ref. @11#, using the quark mass dependence of the resi
of the double pole, turns out to be incorrect. The corr
method is to use the residue of the single pole, which,
cording to BDET, leads to 0'aF!1. The mass dependenc
of the double-pole residue then allows one to determineL5.

It will be interesting to reanalyze the results of BDET a
earlier work in this light, and compare the determinations
L5 with those obtained from the mass dependence of
axial decay constant,f A . As a rough first attempt, I note tha
my earlier estimateaF'0.5 converts toL5'0.5/(48p2d)
'1.331023, where I have takend50.1 from BDET for the
value of the hairpin vertex in the chiral limit. This is close
the values forL5 quoted in BDET.

The calculation also suggests a simple way of display
the consistency of the different determinations of the para
eters of quenched chiral perturbation theory. It follows fro
the previous considerations that

~D1Mp
2 S! f A

254x t1O~Mp
4 !. ~20!

6I am grateful to Bill Bardeen for helpful discussions on th
point.
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STEPHEN R. SHARPE PHYSICAL REVIEW D69, 034504 ~2004!
In the notation of BDET, this means that the combinati
@(m0

eff)21Mp
2 aF# f A

2 should be independent ofm at linear
order. SinceaF is small, this constraint explains the ob
served result thatm0

eff decreases with increasingm in terms
of the fact thatf A increases withm.

When applying the results of this paper to numeri
simulations, one should keep in mind that the previous d
cussion did not account for finite volume or discretizati
errors. Concerning the former, one can include the lead
effect by replacing the loop integrals with those appropri
to finite volume. As for the discretization errors, if one us
Wilson-like fermions, then there will beO(am) corrections
to the results presented here, unless the action and oper
are nonperturbativelyO(a) improved~which is not the case
in the work of BDET!. This is because of the breaking o
chiral symmetry by the action. In particular, the quantity
Eq. ~20! will have a mass dependence proportional toam.
Thus a possible use of this relation is to gauge the size
such discretization errors.
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APPENDIX: POWER COUNTING IN QUENCHED CHIRAL
PERTURBATION THEORY

In this appendix I discuss power counting schemes
quenched chiral perturbation theory, and explain that u
for the calculation described in the main text. I also take
opportunity to collect some results that are presuma
known to workers in the field but which, as far as I know, a
not available in the literature. I use the standard notation
the chiral power counting parameter:e25x/Lx

2 , where x
refers to eitherMp

2 or p2.
To make the arguments I will frequently use the fact th

in the quenched theory, diagrams involving pions~and their
graded partners! can be converted in a precise, well-defin
way, into those involving quark~and ghost quark! lines. This
involves following flavor indices, and is allowed because
the necessary inclusion of theF0 field in quenched chira
perturbation theory@1,17#. The advantage of the quark-lin
representation is that the impact of quenching is transpar
all diagrams with internal quark lines cancel against th
with corresponding ghost quark lines. In the following I on
consider the diagrams that remain after such cancellat
have occurred, i.e., I consider power counting only for d
grams that give nontrivial contributions.

1. Power counting with L0

The largest contributions to correlators involve vertic
from L0, Eq. ~1!, so I consider first the power counting a
propriate for this Lagrangian alone. For diagrams with nom0

2

and aF vertices, standard chiral power counting gives t
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following result for the amputatedN-point correlation func-
tion with external momenta ofO(Mp

2 ):7

A N;
x

f N22
~e2!n,, n,5number of loops. ~A1!

For example, at leading order the two-point correlator giv
the pion mass,A2;x;Mp

2 , with corrections suppressed b
the number of loops.

This result, and those that follow, also apply to t
N-point correlator of the pseudoscalar density, except t
Eq. ~A1! must be multiplied byf N. Since what matters is the
relative size of different terms, and not the overall factor,
ensuing analysis will be directly applicable to the correlat
considered in the main text.

Includingm0
2 andaF vertices, I note that each such verte

introduces an extra propagator compared to the diag
without the vertex, and so their contributions~after subtract-
ing divergences so that loop momenta are of orderMp

2 ) are

m0
2 vertex;

m0
2/3

p21Mp
2

;
m0

2

3x
5

d

e2
,

aF vertex;
p2aF/3

p21Mp
2

;aF/3. ~A2!

I include the factors of 1/3 since, given the definitionF0

5Str(F)/A3, they are generic. Including these results t
power counting forL0 is

A N;
x

f N22
~e2!n,2nd~d!ndS aF

3 D na

, ~A3!

wherend andna are, respectively, the number ofm0
2 andaF

vertices. The appearance of 1/e2 in the contribution of them0
vertex in Eq.~A2! is the reason for the modification of powe
counting in quenched chiral perturbation theory. As d
cussed below, one typically choosesd>e2, so that additional
m0

2 vertices either come at ‘‘no cost’’ or are enhanced.
There is, however, a constraint on the number ofm0

2 and
aF vertices due to the cancellation of internal quark a
ghost loops. A simple example of this constraint is that o
cannot have two such vertices on the same propagator, s
this would require an internal quark loop. As I will explain
the general form of this constraint is

nd1na<n,1ncut , ~A4!

where ncut is the number of independent purely gluon
‘‘cuts’’ through the correlator. In other words, if one trace
the quark lines, they will fall into ncut11 quark-
disconnected components. In perturbation theory the o
connection between these components is provided by glu

7This also holds for the corresponding one particle irreduci
correlator, and thus for theN-point scattering amplitude, although
will not use this here.
4-6
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In the cases of interest here, the connected correlatorD̃c(p)
has ncut50, while the hairpin correlatorD̃h(p) has ncut
51.

To demonstrate the result~A4! I first consider correlators
with ncut50, i.e. those that are connected in terms of qu
lines. I need the result that the four and higher-point verti
coming from L0 involve a single supertrace, and thus a
themselves singly connected in terms of quark line diagra
The cancellation of diagrams with internal quark loops th
implies the following: there must be at least one path throu
the ~pion language! diagram from eachm0

2 or aF vertex to
each of the external pions that does not pass through ano
m0

2 or aF vertex. This must be true if one leaves the origin
vertex in either direction. Were this not the case, there wo
be a segment of the diagram completely ‘‘cut off’’ bym0

2 and
aF vertices, corresponding to an internal quark loop in
quark-line language.

A corollary of this result is that, if one were to ‘‘pul
apart’’ each of them0

2 and aF vertices to give two extra
external pions for each such vertex, then the resulting ‘‘
panded’’ pion-language diagram is singly connected~in the
usual sense!.

Now imagine starting with an unquenched chiral pert
bation theory diagram and adding as manym0

2 andaF ver-
tices as possible on the propagators. When this has b
done, the corresponding expanded diagram must be a
diagram, since if there were any loops, the internal propa
tor~s! could be expanded by adding additionalm0

2 or aF

vertices. It must also be a singly connected~pion-language!
diagram from the corollary of the preceding paragraph. N
when one now sews them0

2 and aF vertices back togethe
again, each leads to an independent loop momentum in
original diagram, and thusnd1na5n, . Since this is the
maximum number of such vertices that can be added,
finds the inequality~A4! with ncut50.

The generalization toncut.0 is straightforward. One can
now have additionalm0

2 and/or aF vertices, sincencut of
them can be used to separate thencut11 quark-disconnected
components of the diagram. Thus one finds the genera
equality of Eq.~A4!.

When using this formula two additional results should
borne in mind. First, there is, in general, no nontrivial low
limit on the number ofm0

2 andaF vertices. One might have
expected the constraintnd1na>ncut , i.e. thatm0

2 and aF

vertices are necessary to lead to quark-disconnected com
nents. This is not the case, however, because loop diag
involving connected vertices can lead to quark-disconnec
correlators, as discussed in Refs.@14,18# for the hairpin ver-
tex. Second, even if a given choice ofnd , na andn, satisfies
the constraint in Eq.~A4!, there may not be a diagram con
tributing to AN . Examples of this will be seen below.

2. Including L1 and higher order Lagrangians

It is straightforward to include the ‘‘standard’’O(e4) La-
grangian,L1A , in the power counting. Each vertex fromL1A
gives an additional factor ofe2, as in the unquenched theor
and the constraint onnd1na remains unchanged. It shoul
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be borne in mind, however, that since some of the vertice
L1A contain two supertraces, it becomes more complicate
determine the ‘‘quark-line connectivity’’ of a given graph
This has no impact on the generic power counting, but me
that a larger number of diagrams will vanish in the quench
theory.

As noted in the text, one must also consider operators
are built upon those inL0 andL1A by multiplying by addi-
tional factors ofF0 / f . Two examples are given in Eq.~3!.
The key observation is that these factors have the s
power of 1/f as vertices arising from the expansion ofU
5exp(2iF/f). Thus the power counting is unchanged, as lo
as nd and na are generalized to be the number of vertic
built upon the originalm0

2 and aF vertices, respectively
Thus, for example,nd becomes the total number of vertice
of the form (F0)q with q52,4,6, . . . . What ischanged is the
connectivity of the diagram. Each extra factor ofF0 / f re-
quires an additional loop, or gluonic cut, in the diagra
since F0 closes off quark lines. Thus the loop constra
generalizes tond1na1nf<n,1ncut , wherenf is the total
number of extra factors ofF0 in the diagram. Note that a
(F0)4 vertex contributes both tond ~which it increments by
one! and tonf ~which it increments by two!.

Each vertex involving extra factors ofF0 comes with a
new coupling, e.g.,v0,8 in L1B . These couplings are sup
pressed in the largeNc limit because aF0 vertex is con-
nected only by gluons to the rest of the diagram. Each ad
tional F0 / f leads to a suppression by 1/Nc . For example, if
the quark loop is connected by two gluons to the rest of
diagram, there is an additional color loop, and the countin
g4Nc5(g2Nc)

2/Nc;1/Nc . ~The ANc contained inf is ex-
actly that needed to create a state which is correctly norm
ized in the largeNc limit.! Thus I find thatv8;1/Nc and
v0;1/Nc

2 . For a general diagram, the additional suppress
is by (Nc)

2nf.
I should stress that I am not claiming to extract the fullNc

dependence of diagrams. There is also an implicitNc depen-
dence inf, in some of the Gasser-Leutwyler coefficients,Li ,
and in m0

2 and aF . Indeed the latter two are both propo
tional to 1/Nc @1#. My idea is that, based on the gener
success of the Okubo-Zweig-Iizuka~OZI! rule, it is likely
that constants such asv8 and v0 are suppressed relative t
unity. Keeping track of the powers of 1/Nc associated with
these constants allows one to implement this as one de
appropriate.

Higher order terms in the quenched chiral Lagrangian
volve more derivatives~acting on eitherU or F0) and more
factors ofx. These can be accounted for, along with tho
from vertices inL1A , by introducing the quantityn1, which
counts the number of factors ofx plus half the number of
derivativesbeyond those that would appear if the vertic
were from the lowest order LagrangianL0. Thus a vertex
from the standard chiral Lagrangian with six derivatives a
one factor ofx would incrementn1 by three. Overall, dia-
grams are multiplied by an extra factor of (e2)n1.

There is an ambiguity in this definition ofn1: does, for
example, the vertex proportional to (]F0)4 count asnd
51, nf52 andn152 or asna51, nf52 andn151? In
other words, does it contribute a correction proportional
4-7
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TABLE II. Leading contributions to the hairpin~quark-disconnected! two-point correlator in quenched chiral perturbation theory. A
contributions up toe10/3 relative to the leading order term in one or both power-counting schemes are included. Notation as in Table
references to Figs. 3 and 4 refer to the entire diagram.

n, nd na n1 nf PC PC1 PC2 Figure Comment

0 0 0 0 0 1 Absent
0 1 0 0 0 d/e2 1 e22/3 4~a! m0 vertex
0 0 1 0 0 (aF/3) e2 e4/3 4~a! aF vertex
0 1 0 1 0 d e2 e4/3 3~b! Wave function renormalization fromL5

0 0 0 1 0 e2 e2 e2 4~b! Two-supertrace vertex fromL7

0 0 0 0 1 1/Nc
2 Absent

0 0 0 1 1 e2/NC e3 e8/3 4~e! v8 vertex
1 0 0 0 0 e2 e2 e2 4~c! Present even in quenched theory
1 1 0 0 0 d Absent
1 2 0 0 1 d2/e2 e2 e2/3 3~a! No contribution toD or S
1 2 0 1 0 d2 e4 e8/3 3~e! Wave function renormalization fromL3 , L5 andLQ

1 1 1 0 0 d(aF/3) e4 e8/3 3~a! No contribution toD or S
1 1 0 0 1 d/Nc Absent
2 3 0 0 0 d3/e2 e4 e2 3~c,d!,4~d! Full result not yet available
2 2 0 0 0 d2 e4 e8/3
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de2/Nc
2 or to (aF/3)e4/Nc

2? These are not the same size
some power counting schemes, e.g. those discussed b
The ambiguity arises because dimensions can be bala
either by powers ofm0 or powers off. In fact, this ambiguity
also arises for theF0

q vertices without derivatives, and I hav
chosen there the overall factor ofm0

2/ f q22 rather than
1/f q24. Fortunately, for the calculation considered in t
main text, I can leave this ambiguity unresolved, as the
erators in question do not contribute until higher order th
that I consider.

The preceding considerations together imply the follo
ing final power counting result:

A N;
x

f N22
~e2!n,2nd1n1~d!ndS aF

3 D naS 1

Nc
D nf

,

nd1na1nf<n,1ncut . ~A5!

3. Applying the power counting

I now apply the result~A5! to the examples considered
the text, namely the two-point quark-connected and disc
nected correlators~i.e., A2 with ncut50 and 1 respectively!.
To do so I must decide how to treatd, aF and 1/Nc relative
to each other and toe2. This depends, of course, on the si
of quark masses considered. I have in mind mesons so
what lighter than the kaon mass, so thate2'0.2.

I consider two possibilities for the relative size of th
different terms. The first is

PC1: d;
a

3
;

1

Nc
2
;e2 ⇒ A N;

x

f N22
~e2!n,1n11na1nf/2,

~A6!

which one might call ‘‘standard’’ power counting. The ke
choices here are thatd;e2, so that there is no extra en
03450
ow.
ed

-
n

-

n-

e-

hancement of them0
2 vertices, and thataF/3 is small. One

might argue thataF/3;e, rather thane2, because it is pro-
portional to 1/Nc . I prefer the smaller choice given the nu
merical evidence thataF!1.

The second scheme is

PC2: d;
a

3
;

1

Nc
2
;e4/3

⇒ A N;
x

f N22
~e2!n,1n12nd/312na/31nf/3.

~A7!

This enhances the contributions fromF0 vertices relative to
‘‘standard’’ chiral vertices, and is the power counting used
the text. The power ofe is chosen for a reason that will b
explained below. In fact, most features of the power cou
ing, including the application discussed in the main text,
unchanged ife4/3 is replaced withe.

Table I collects the contributions to the quark-connec
correlator that are of sizee4 or smaller relative to the leading
order, in one or both power counting schemes. Table II gi
the analogous contributions to the hairpin correlator, thou
only up to sizee10/3. I list all contributions consistent with
the constraint in Eq.~A5!, but, as can be seen from the tab
some are absent in quenched chiral perturbation theory.
example, the standard one-loop ‘‘tadpole’’ diagram (n,51,
all other n’s zero! requires an internal quark loop forncut
50, although, as observed in Refs.@14,18#, it is present for
ncut51. Another constraint is that the only term withnf
51 andn150, namely the interaction quoted in Eq.~11!,
can be~and I assume has been! removed by a field redefini-
tion.

To illustrate the difference between the power count
schemes, and the general nature of the chiral expansio
quenched chiral perturbation theory, I discuss the applica
4-8
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to the pseudo Goldstone pion mass. This can be obta
from the amputated quark-connected vertex. In the P
scheme, NLO contributions to the quark-connected c
relator are from the Gasser-Leutwyler constants~entering at
tree level! and them0

2 vertex~at one loop!. The result for the
pion mass is

Mp
2

x
512d@ log~x/m2!21#18~2L82L5!

x

f 2
, ~A8!

in dimensional regularization and the renormalizati
scheme of Ref.@16#. The aF vertex first contributes a
NNLO, and is but one of many terms, including three-lo
diagrams with threem0

2 vertices.
The PC2 scheme is in part an attempt to systematize

power counting scheme used in BDET. This involves ke
ing corrections of sizede2log(Mp), while those of sizee4 are
dropped. Here I am not treating log(Mp /m) as large, so I
must taked larger thane2, which leads to a scheme lik
PC2. The choiced;e4/3 is made~as opposed tod;e, say!
so that the three loopd3 contribution is smaller than thede2

correction. Nevertheless Table I shows that keeping thede2

correction, which is of sizee10/3, requires keeping many
other terms. Most have been calculated, but not all. Th
not yet calculated are the nontrivial two-loop diagrams
volving two m0

2 vertices@Fig. 3~d!#, and a subset of the con
ys

.

g,

v.

.

03450
ed
1
r-

he
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e
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tributions of size;de2 from Fig. 3~e!. The latter receives
contributions not only from theL5 and L8 vertices~calcu-
lated in BDET! but also from theL3 andLQ vertices~not yet
calculated!.

One can go to higher order ind if one assumes tha
log(Mp /m) is large, and keeps all terms of siz
@d log(Mp /m)#n. This requires calculating only the tadpo
loops, the simplest examples being Figs. 3~a! and ~g!, and
these can be summed to all orders@2#. This may be required
when working at the smallest quark masses used in pre
quenched simulations@8–10#.

The results in Table II are used in the calculation in t
text, and are discussed further there. I only note here tha
important simplification is that Fig. 3~a! does not contribute
to D andS. This would have been the leading correction
D and the leading term inS. It does not contribute becaus
the tadpole loops involving them0

2 vertex do not give rise to
wave function renormalization. This follows in turn becau
the vertex coupling twoF0 fields to two nonsinglet pions
comes only from the mass term Str(xU)1H.c. and not from
the derivative term Str(]U]U).8

8This simplification does not hold for the four derivative sing
supertrace vertices with couplingsL3 and LQ , which contribute
through Fig. 3~e!, as can be seen in the table.
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