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Mass dependence of the hairpin vertex in quenched QCD
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The pseudoscalar “hairpin” vertei.e., quark-disconnected verjeplays a key role in quenched chiral
perturbation theory. Direct calculations using lattice simulations find that it has a significant dependence on the
qguark mass. | show that this mass dependence can be used to determine the quenched Gasser-Leutwyler
constantLs. This complements the calculation lof using the mass dependence of the axial decay constant of
the pion. In an appendix, | discuss power counting for quenched chiral perturbation theory and describe the
particular scheme used in this paper.
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I. INTRODUCTION The purpose of this paper is to resolve the discrepancy
between these two methods for determining. It turns out
Although the quenched approximation to QCD is beingthat, at next-to-leading-ord¢NLO) in quenched chiral per-
gradually superseded by unquenched simulations, it remairtgrbation theory, the hairpin vertex picks up a mass depen-
useful as a qualitative guide to the physics of QCD, and as dence proportional td.5 (the quenched analog of corre-
testing ground for new methods of discretizing light fermi- sponding Gasser-Leutwyler constanin addition to that
ons. In the latter role, the unphysical chiral singularities ofproportional toa . The coefficient of the single pole, how-
quenched QCD turn out to be helpful—reproducing themever, is not affected at this order, and remains proportional to
provides evidence that the light fermion method under studyrq alone. This allows a consistent description of the hairpin
can approach the chiral limit. Examples of these singularitiesesults: one should use the BDET method to determige
are the enhanced chiral logarithms in the pion mass and theith a result close to zero, while the mass dependence of the
pseudoscalar decay constqhf2]. The source of these sin- hairpin vertex determineks. This provides a check of de-
gularities is the hairpin vertex, i.e., the appearance of aerminations oL 5 based on the mass dependence of the axial
double-pole contribution in the flavor-singlet pion two-point decay constant.
function. In infinite volumewhere the contributions of exact

zero modes vanigtthis vertex is the key unphysical feature
of quenched QCD. [l. DETAILS OF THE CALCULATION

to Syi(tegg]a?icé;ryrglre%eigtutrr?: t;gpmthoefotrhye/ggrs)inzlmgvr?tiggeAl- : consider quenched_QCD with, valence quarks_. _For
though Q(PT does not have the same theoretical unde.rpin'Ehe following considerations | nedd,=2, and for definite-
nings as chiral perturbation theory for unquenched QCD, an ess I lTIS(?NVZS' | take all the quarks to' be degengrate,

' ince this is what has been done in numerical evaluations of

thus must be treated as a phe.n(_)menolog|cal theory, it h Re hairpin vertex. The leading order quenched chiral La-
been quite successful in describing the properties of ligh rangian is thefil,2]

pseudo-Goldstone bosons. A particularly thorough study ha
been undertaken by Bardeen, Duncan, Eichten, and Thacker

[3,4] (BDET).! They find that consistent values of the hairpin f2 . : - 5
vertex can be obtained both from a direct calculation of the £o=7 St(9,Ud,U = xU—U"x)+m@o+ ae(d,Po)",
hairpin correlator and from fitting to the chiral logarithms 1)

predicted from loop contributions to various quantities.
There is, however, a puzzling aspect to the results for the
hairpin vertex. On the one hand, the vertex is found to havavhere “Str” indicates supertrace) =exp(d®/f) is an ele-
substantial dependence on quark mass. As | argued in Rgfent of U(3|3), ® contains the pseudo-Goldstone bosons
[11], this can be explained by a nonzero value for theand fermions, andb,= Str(®)//3 is the “supers’” field.
momentum-dependent part of the hairpin vertex{-0.5in  Quark masses are contained within=2B,M, where M
the notation explained belgwOn the other hand, BDET =diag(m,m,m,m,m,m) is the mass matrix of quarks and
note that, at tree level, one can also determigefrom the  ghost quarks. | assume thattis small enough that it is ap-
coefficient of the subleading single-pole contribution to thepropriate to use chiral perturbation theory to describe the
hairpin correlator. They find thatq, determined in this way properties of the pseudo-Goldstone hadrons.
is much smaller than that determined from the mass depen- The parameter§ (pion axial decay constant in the chiral
dence, and, in fact, is consistent with zero. limit, normalized so it is close to 90 Mevand B, are the
quenched analogs of the corresponding parameters that ap-
pear in the unquenched chiral Lagrangian. The parameters
*Electronic address: sharpe@phys.washington.edu m, and ag are, however, special to quenched chiral pertur-
1See also the work of Ref§5—10. bation theory, in which one cannot integrate out thg In
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the largeN. and chiral limits, one can show that,=m,, Here g, and qg are two different valence quarks, and the
[1,2]. Assuming this holds also af,=3, one expectsn, expectation value indicates the quenched average. The sub-
~0.85 GeV. The presence of the new mass soajegives  scriptsc and h are a reminder that only quark-connected
rise to the enhanced singularities of the quenched theory, théontractions contribute td., whereasA, contains only
strength of which is parameterized ldy=mg/(487°f%). It quark-disconnected contractions. In other wordls,is the

will be useful in the following to keep in mind the approxi- . . -~
mate value ofs. The naive estimatéusing QCD values for !Jsual nonsinglet pseud_os_calar two-point correlator, whje
i is the pseudoscalar hairpin correlator. These are the correla-

the parametejsis 6~0.2, while simulations find values in tors used in simulations to study the hairpin vertex.

the ra_nge5= 0:1—0.2(for a recent review see Ref12]). At low momenta the connected correlator is well de-
What is most important about these values is that they arg ibed by a single pole

small.
The present calculation will be performed at NLO in a 2
power counting scheme for quenched chiral perturbation X __ P4
theory described in the Appendix. It will require the standard Aclp) p2+ Mi nonpole, ©

NLO Lagrangian of the unquenched theory, suitably gener-

alized by changing traces to supertraces, plus an additiongjperef, is, by definition, the pseudoscalar decay constant,
term: and the sign arises from Wick contractions. By contrast, the
hairpin correlator is observed to have a leading double-pole

_ 12
Lia=—L4[Str(9,Ud,U")] contribution:

—L,Std,Ua,UMStrg,Ua,U")
—L3St(d,Ua,U"9,Ua,U") An(p)=D
+L,StguauT) St xyUT+ U y)

f2 f2
P +S8——— +nonpole (7
(M2 TpEemZ o

ks

wherefp is to be determined from Eg6). | will refer to the

rot _ t 2
FLsSUUIU XU+ Ux]) = Lo StyU T+ Ux)] residuesD andS as the hairpin and single-pole coefficients,

—L[St{xUT=Ux)]?—Lg{St{UxUyx) respectively. They are defined to be independerp%fbut
f oot " ‘ can depend omy, as dofp andM .
+St(xU YU} —LgStr(d,Ud,U"9,Ug,U"). (2) With this notation in hand, | can now state more precisely

the observations made in BDET and previous work. These
%re, first, thatS~0, i.e. thach(p) is consistent with a pure

which is not independent in unquench8dJ(2) or SU(3) dougle-polel; and,t secton:ir; thex Z?St_a S|grf1|I|hcant mashs ge'h.
chiral perturbation theory, but which is independent in thePENAENCE. 1 NOW 1IN 10 Te predictions ot Ine quenched chi-

. : | Lagrangian forD andS.
guenched and partially quenched theories. Its presence I 2 . .
partially quenched theories was noted and explained recentlé To begin with | need to determine the operator in the

Here L, g are the quenched analogs of the correspondin
Gasser-Leutwyler coefficientd.o multiplies an operator

[13]. That it is also needed in the quenched theory can b ffective theory that matches onto the pseudoscalar density.

seeﬁ by generalizing the arguments given there his can be done, as in unquenched chiral perturbation
In the quenched theory, one must also include other o theory, by taking.approp.riate derivatives with respect to the

erators obtained from thos;alib and £, by multiplying by quark mass matrix, treatlng_the latter as a source. At leading

powers ofd,. These introduce many new constants. It turnso'der, usingL,, this givesqaysds—2iBof @ ag+O(P”),

out, however, that the resulting operators do not contribute dPr all A andB, leading to the tree-level results

NLO to the quantities | consider here, as explained in the

Appendix. For illustration, | list two of the leading operators A(p)=— (2Bof)? )
of this type: (P p2+y
Lig=vo(M5/F2)DF—vglg(ido/f){St(UxUyx) B (M2+ agp?) (2Bof)2
A = . 9
—St(xUTxU"}, 3 (P 3 (p?+x)? ©
wherev g are additional couplings. Comparing to Eqs(6) and (7) I find
Following BDET, | consider the following correlation
functions: M2 — M2 o
M2=y; fp=2B,f; D=OTM; S= ;
Zc(p):L‘fip'x(QA?’E)QB(X)QBYSQA(O», (4 (10)

These leading order results are well knojdj, and agree
Zh(p):feiip.X<EA75qA(X)aB'}’5qB(O)>- (5) with tho_se quoted in BDET when normalization and sign
x conventions are taken into account.
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As noted above, at this order; provides both the mass L, D
dependence oD and the value forS. It is perhaps worth % [ >
understanding this point in more detail. One might have @ (b) Q ©
thought that a term i, of the form

(f214)v,Sti yUT—Uy)id,/f (11) %

L 5.8

would provide additional mass dependence to the hairpin @ ©

vertex, and .thus break the Co'rrelatlon betweiéran'd S. ) FIG. 1. Examples of diagrams contributing to the pseudoscalar
However, this _term also contributes to the _effectlve fIeldhairpin correlator that are associated with vertex renormalization.
theory _e?(pressmn fpr th.e pseudoscalar density, and leads g?mple vertices are from the first two termsAg, crosses indicate
an additional term inS, in such a way thab, can be ab- 1, "o 4, vertices, filled boxes are interactions frofg, , with the
sorbed into a redefinition ofv, . This is a consequence of gpecific term that contributes being noted. Note that if the rightmost

the fact, noted in Ref1], that thev, term (11) can be re-  propagator and hairpin vertex are removed, these become contribu-
moved by a field redefinitiofiexplicitly this is U—Uexp tions to the quark-connected correlator.

(—iv,dy/f)] and a redefinition of parametersad— aq

—\/3v,). BDET, in which terms of relative sizée?log(M,,/u) are
Before proceeding to the details of the NLO calculation, itkept, but those of size* are not. This point is discussed

is necessary to discuss the power counting appropriate trther in the Appendix.

quenched chiral perturbation theory. | give an overview here |n this paper | calculate the connected and disconnected

and a comprehensive discussion in the Appendix. Standargbrrelators at NLO in the PC2 scheme. By NLO | mean that

unquenched chiral perturbation theory is, in the meson secorrections of size up to and including relative to the

tor, an expansion in 62~MfT/Af(~ pzlA)z(, where A,  leading contribution are included. After amputation, the dis-

=4xf. The issue in quenched chiral perturbation theory isconnected vertex has the for+ (p?+M2)S+ -+, from

how to treat the extra constants that appear, the most impofvhich one can extracD and S. Note that one obtains a

tant of which ismg. This appears in two dimensionless com- Jower order result fotS than for D because of the explicit

binations in the calculations considered here. First, loop confactor of (p2+ MfT) multiplying S.

tributions are suppressed by powers 6fFmg/(3A%), | choose the PC2 scheme because it reduces the number

which, as noted above, is numerically snfaliecond, the of diagrams that contribute and thus simplifies the calcula-

ratio of the two terms contributing t@ in Eq. (10) is  tion. In both schemes, however, the general point is the

apMZ/mj. Itis also reasonable to treat this combination assame: there are other terms that contribute at the same order

small, given thatn, is close toA, andag is small. To do so  as theay, vertex, and these must be included.

consistently, however, one must develop a systematic power The calculation of the connected correlator is standard

counting scheme in which both combinations are small, anénd leads to the replacement fof and M2 in Eq. (6) with

for which one can assess the relative size of other contribuheir NLO expressions. The leading diagrams that contribute

tions. can be deduced from those in Figs. 1 and 3 by removing the
Two such schemes are explained in the Appendix. In theightmost propagator and the hairpin vertex to which it

first (the standard or PC1 schejmene takesd~ aq4/3~€?,  couples. As can be seen from Table I, a NLO calculation

while in the secondthe PC2 schemed~ aq/3~€*2 In  involves only diagramsa) and (b) from both figures—other

both schemes theg contribution toD is nonleading: diagrams are of higher order thaf in both power counting
schemes. The explicit expressions ferand MfT are given
a(DMgT ap € in BDET and elsewhere, with the latter repeatgd in the Ap-
2 "3 5 €2 PC1/PC2. (12 pendix, Eq(A8). They are not needed to determiReandsS.
Mo For the disconnected correlator, one can divide the contri-

butions into the four classe$l) Those renormalizing the
The schemes differ, however, in the size of other contribuexternal pseudoscalar density, and which would be present
tions. In the PC2 scheme, sinéds larger thane?, “second-  also if the density were flavor nonsinglet. Examples of these
order” terms of sizes?, de?, and €* are progressively are shown in Fig. 1(2) Those renormalizing the external
smaller, while all three are treated as of the same size in PC#lensity, but which are present only because the density is

Thus the PC2 scheme has some similarities to that used fiavor singlet. These contribute only to the single pole am-
plitude S, but not toD. Examples are shown in Fig. 23)

Those renormalizing the mass and wave function of the
2In fact, the leading logarithmic corrections are proportional toPSeudo-Goldstone boson, shown in Fig(4.Those associ-
powers of §log(M . /u), with u the regularization scale, and thus ated with the hairpin vertex, shown in Fig. 4. Two observa-
dominate over the leading term in the extreme chiral limit. For mosttions greatly simplify the calculation. First, the contributions
practical simulations, however, including those of BDET, the loga-Of classeq1) and(3) are identical to those appearing in the
rithm is of O(1), anddoes not lead to a significant enhancement. Iconnected correlator. This means that the same expressions
assume this to be case in the power counting schemes l use.  for fp and Mfr apply to both connected and disconnected
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TABLE I. Leading contributions to the quark-connected two-point correlator in quenched chiral perturbation theory. PC gives the size of
the diagram relative tod,= x using the general power-counting formula, E45), while PC1 and PC2 refer to the two specific schemes
discussed in the text. All contributions up to relative si?en one or both power-counting schemes are included. The references to Fig. 3
refer to the parts of the diagrams to the left of the rightmost hairpin vévibich are thus quark-connecjed

ng ns n, n, Ng PC PC1 PC2 Figure Comment

0 0 0 0 0 1 1

0 0 0 1 0 € 2 e 3(b) Ls andLg contribute

0 0 0 2 0 e* 4 4

1 0 0 0 0 €2 Absent

1 1 0 0 0 B €2 e 3(a) Quenched Chiral Log
1 0 0 0 1 €’IN, Absent

1 0 1 0 0 (@p/3) € e €08 3(a) Leadingag, term

1 1 0 1 0 5€® e €03 3(e) Ls, Ls, Lg, andLq contribute
1 0 0 1 0 e e e

2 1 0 0 0 5€? Absent

2 2 0 0 0 82 e e 3(c,d) Full result not available
2 0 0 0 0 et et et

2 1 0 0 1 5€%IN, Absent

3 3 0 0 0 52 €8 e

correlators—as one would have expected. Second, all contri-
butions of classe$2) and (4), aside from the leading order
diagram Fig. 4a), are smaller than NLO.
These observations imply that the sole NLO correction to
the hairpin vertex in the PC2 scheme comes from wave func-
7 D .va tion renormalization. This in turn arises at NLO only from
@ ® © Fig. 3b), as Fig. 3a) only renormqlizes thg mass. Since
there are two boson propagators in the disconnected cor-
relator, compared to only one in the connected correlator,
only “half” of the wave function renormalization in the dis-
connected case is absorbed into the one-loop resultZor

-

(d) The other half renormalizes the hairpin vertex, leading to the
resulté
FIG. 2. Examples of diagrams contributing to the pseudoscalar
hairpin correlator that contribute directly to the single pole residue 1
S. Notation is as in Figs. 1, except_thqt bc_)xes with _attached arrow- D=_ mS 1— 8L51 _ achfT © S= @_ (13
heads are front, (the arrowhead indicating th&, field). 3 f2 3

Note that the NLO contributions do not chan§drom its
tree level value in Eq(10). In particular, the correction t6
from wave function renormalization is a correction of rela-
tive size €* in the amputated disconnected correlator, and
thus beyond the order | am considering. Note also that one
can interchangg andM? in the result, as the difference is
of higher order than | consider.

Equation(13) is the new result of this paper. It shows that
the mass dependence of the hairfiris not tied to the co-

% 3This simplification does not occur in the PC1 scheme, in which at

@ Loss © NLO one must also calculate Figstazh) and 4b,c).
“In an earlier version of this paper | also kept corrections of rela-
FIG. 3. Examples of diagrams contributing to the pseudoscalative sizees%log(M,,/w), coming from Fig. 8e), as in the calculation
hairpin correlator that are associated with pion mass and wave fun@f BDET. The analysis in the Appendix shows that in either power
tion renormalization. Notation is as in Fig. 1. Note that if the right- counting scheme one should then also include all the other diagrams
most propagator and hairpin vertex are removed, these are contiin Figs. 3 and 4, including nontrivial two loop diagrams. | have not
butions to the quark-connected correlator. attempted this calculation.

(a) (b)
©)
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A

+

(d) ©
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One can try turning this argument around, i.e., assuming
(18) and deriving Eq.(13). This will, however, only con-
strain the combinatiorD+M?2S, and not allow a separate
determination ofD andS.

| close this section with a technical comment. In order to
predict the coefficient of the single pole in the hairpin cor-
relator one must control the corrections to the operator that
creates the meson @Xp?) relative to the leading order. This
is because such a correction multiplying the double pole
leads to a contribution to the single pole. Thus it is crucial

FIG. 4. Examples of diagrams contributing to the pseudoscalaghat one calculate the hairpin correlator with an operator that
hairpin correlator that are associated with renormalization of theCan be matched onto the effective theory without introducing

hairpin vertex itself. Notation is as in Figs. 1 and 2.

additional coefficients aO(p?). This is only true for the
pseudoscalar density, used here, and for the axial current.

efficient of the single pole. Thus, in particular, the single- with any other operator coupling to the pseudoscalar meson,

pole term can be abse(#s found, to good approximation, by
BDET), but the hairpin vertex can have a linear dependenc

e.g.,qd%ysq, the coefficient of the single pole could not be
Bredicted.

2 .
on M7 Furthermore, the latter dependence provides an al- | |ight of this discussion, one might be concerned about

ternative method for determinings.
There is a nice consistency check on the regl®. At

p=0, the hairpin correlator is proportional to the topological

susceptibility of the pure gauge theddss]
m?Ap(p=0)=x=(v*)1V, (14

wherem is the quark mass; the topological charge, and

the four dimensional volume. This is the “fermionic
method for measuring the susceptibility. Since this formul

a

the need to include the operator
Str(xd’[U+UT]) (19

in L1, since this would give a contribution to the pseudo-
scalar density proportional tp?®. It turns out, however,
that this operator can be removéas in unquenched chiral
perturbation theory by a field definition and appropriate

» shifts inLs, Lg andag . Thus it is a redundant operafor.

have checked this by explicitly calculating its contributions

holds for anym, and x;, being a pure gauge quantity, is t© fa, fp @ndAc .

independent ofm, the left-hand-side should also be indepen-

dent ofm. Inserting Eq.(13) into the general forn{7) | find

2¢2
2X — ) — fp 2 4
m-A,(p=0)= y [D+SML+0O(M7)] (15
mzfémg X
= —8Ls— 16
3Mi 5f2 ( )
famg X

where in the last step | have used the axial Ward identit)f"x
2mfp=MfoA, which holds to all orders in chiral perturba-
tion theory(and can be checked at NLO from the expression
in BDET).> Using the expression given in BDET for the

axial decay constartt,, | find
f2m3

m?An(p=0)= 5

(18

This is independent of the quark mass, as required.

Here | use the BDET normalization such tHat=2f in the
chiral limit.

S

Ill. CONCLUSION

In this note | have presented a complete NLO calculation
of the hairpin vertex in quenched chiral perturbation theory.
The result, Eq(13), resolves a puzzle concerning the deter-
mination of the parameters . The method | had proposed
in Ref.[11], using the quark mass dependence of the residue
of the double pole, turns out to be incorrect. The correct
method is to use the residue of the single pole, which, ac-
cording to BDET, leads to 8 a4<<1. The mass dependence
of the double-pole residue then allows one to deterrhifie

It will be interesting to reanalyze the results of BDET and
earlier work in this light, and compare the determinations of
Ls with those obtained from the mass dependence of the
ial decay constant, . As a rough first attempt, | note that
my earlier estimatax,~0.5 converts toLg~0.5/(48725)
~1.3x 102, where | have taked=0.1 from BDET for the
value of the hairpin vertex in the chiral limit. This is close to
the values folLg quoted in BDET.

The calculation also suggests a simple way of displaying
the consistency of the different determinations of the param-
eters of quenched chiral perturbation theory. It follows from
the previous considerations that

(D+M28)fa=4x,+O(M%). (20)

6 am grateful to Bill Bardeen for helpful discussions on this
point.
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In the notation of BDET, this means that the combinationfollowing result for the amputateM-point correlation func-

[(MEM2+M2aq]f2 should be independent o at linear  tion with external momenta db(M2):”

order. Sinceay, is small, this constraint explains the ob-

served result thang" decreases with increasimg in terms X

of the fact thatf , increases withm. An~ FN-2
When applying the results of this paper to numerical

simulations, one should keep in mind that the previous disFor example, at leading order the two-point correlator gives

cussion did not account for finite volume or discretizationthe pion massd,~ y~M2, with corrections suppressed by

errors. Concerning the former, one can include the leadinghe number of loops.

effect by replacing the loop integrals with those appropriate This result, and those that follow, also apply to the

to finite volume. As for the discretization errors, if one usesN-point correlator of the pseudoscalar density, except that

Wilson-like fermions, then there will b®(am) corrections  Eq. (A1) must be multiplied byfN. Since what matters is the

to the results presented here, unless the action and operat@ggative size of different terms, and not the overall factor, the

are nonperturbativel{p(a) improved(which is not the case ensuing analysis will be directly applicable to the correlators

in the work of BDET). This is because of the breaking of considered in the main text.

chiral symmetry by the action. In particular, the quantity in |ncludingm3 anday, vertices, | note that each such vertex

Eq. (20) will have a mass dependence proportionabto.  jntroduces an extra propagator compared to the diagram

Thus a possible use of this relation is to gauge the size ajithout the vertex, and so their contributiofafter subtract-

such discretization errors. ing divergences so that loop momenta are of oidé) are

()¢, n,=number of loops. (A1)

) my3 m; S
mg vertex- ————~ >—=—,
i 24M2 3x €2
| thank Martin Savage and Ruth Van de Water for com- p ™
ments on the manuscript, and Bill Bardeen and Maarten Gol-
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I include the factors of 1/3 since, given the definitidn
APPENDIX: POWER COUNTING IN QUENCHED CHIRAL =Str(®)/3, they are generic. Including these results the
PERTURBATION THEORY power counting forl, is
In this appendix | discuss power counting schemes for X agp\ e
quenched chiral perturbation theory, and explain that used An~ fl\‘72(62)”5_”5( 6)”5(?) , (A3)

for the calculation described in the main text. | also take the

opportunity to collect some results that are presumabl)(/vherenéandn are, respectively, the numbermﬁandaq)

known to workers in the field but which, as far as | know, are . .
. . . . vertices. The appearance ok4in the contribution of then,
not available in the literature. | use the standard notation for

the chiral i ta?— /A2 wh vertex in Eq.(A2) is the reason for the modification of power
¢ chira .powerz coun2|ng parametar. = y/ Ay, Wherey counting in quenched chiral perturbation theory. As dis-
refers to eitheM?, or p-.

, cussed below, one typically choos&s €2, so that additional
To make the arguments | will frequently use the fact that

in the quenched theory, diagrams involving pidasd their imo vertices either come at “no cost” or are enhanced.
graded partnejscan be converted in a precise, well-defined There is, however, a constraint on the numbem@fand

way, into those involving quarkand ghost quajkines. This < vertices dug o the cancellation of intern.al quark and
involves following flavor indices, and is allowed because ofghOSt loops. A simple example of this constraint is that one

the necessary inclusion of théo field in quenched chiral cannot have two such vertices on the same propagator, since

perturbation theory1,17]. The advantage of the quark-line tE'S Ay lr?quwe ?nh!nternal qgark loop. As | will explain,

representation is that the impact of quenching is transparen&: e general form of this constraint Is

all diagrams with internal quark lines cancel against those Ns+Ny<Ny+Neyr, (A4)

with corresponding ghost quark lines. In the following | only

consider the diagrams that remain after such cancellationghere n.; is the number of independent purely gluonic

have occurred, i.e., | consider power counting only for dia-“cuts” through the correlator. In other words, if one traces

grams that give nontrivial contributions. the quark lines, they will fall into n.,+1 quark-
disconnected components. In perturbation theory the only

1. Power counting with £, connection between these components is provided by gluons.

The largest contributions to correlators involve vertices

from Lo, Eq. (1), so | consider first the power counting ap-  7this also holds for the corresponding one particle irreducible
propriate for this Lagrangian alone. For diagrams Wlth‘ﬂlﬁ) correlator, and thus for thi-point scattering amplitude, although |
and aq, Vertices, standard chiral power counting gives thewill not use this here.
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In the cases of interest here, the connected correﬁag(p)
has n.,;=0, while the hairpin correlatoi,(p) has ngy;
=1.

To demonstrate the resuld4) | first consider correlators

with n¢,=0, i.e. those that are connected in terms of quark

PHYSICAL REVIEW B9, 034504 (2004

be borne in mind, however, that since some of the vertices in
L1, contain two supertraces, it becomes more complicated to
determine the “quark-line connectivity” of a given graph.
This has no impact on the generic power counting, but means
that a larger number of diagrams will vanish in the quenched
heory.

lines. | need the result that the four and higher-point vertices  ag'noted in the text, one must also consider operators that
coming from £, involve a single supertrace, and thus aregre puilt upon those i, and £, by multiplying by addi-
themselves singly connected in terms of quark line diagramsjonal factors ofd®,/f. Two examples are given in E¢B).
The cancellation of diagrams with internal quark loops thenThe key observation is that these factors have the same
implies the fOIIOWing: there must be at least one path througl’ibower of 1f as vertices arising from the expansion of

the (pion languagediagram from eactm3 or a,, vertex to

=exp(dd/f). Thus the power counting is unchanged, as long

each of the external pions that does not pass through anothas n; and n, are generalized to be the number of vertices
m3 or ag, vertex. This must be true if one leaves the original built upon the originalm3 and «, vertices, respectively.
vertex in either direction. Were this not the case, there would'hus, for examplen; becomes the total number of vertices

be a segment of the diagram completely “cut off” b)g and

of the form @,)% with g=2,4,6.... What ischanged is the

ag vertices, corresponding to an internal quark loop in theconnectivity of the diagram. Each extra factor ®f/f re-

guark-line language.
A corollary of this result is that, if one were to “pull
apart” each of themg and a4 Vvertices to give two extra

quires an additional loop, or gluonic cut, in the diagram,
since ®, closes off quark lines. Thus the loop constraint
generalizes tm;+n,+n,<n,+nq,, wheren, is the total

external pions for each such vertex, then the resulting “exnumber of extra factors ob, in the diagram. Note that a

panded” pion-language diagram is singly connectiedthe
usual sensge

Now imagine starting with an unquenched chiral pertur-

bation theory diagram and adding as man§ and a4, ver-

(do)* vertex contributes both tos (which it increments by
one and ton, (which it increments by twp

Each vertex involving extra factors df, comes with a
new coupling, e.g.pgg in L15. These couplings are sup-

tices as possible on the propagators. When this has begmessed in the largel, limit because ab, vertex is con-
done, the corresponding expanded diagram must be a treected only by gluons to the rest of the diagram. Each addi-
diagram, since if there were any loops, the internal propagaional ®,/f leads to a suppression byNl/. For example, if

tor(s) could be expanded by adding additiorraﬁ or ag
vertices. It must also be a singly connectpibn-language

the quark loop is connected by two gluons to the rest of the
diagram, there is an additional color loop, and the counting is

diagram from the corollary of the preceding paragraph. Nowg*N¢= (g°N¢)%N~1/N,. (The YN, contained inf is ex-

when one now sews the3 and aq, vertices back together

actly that needed to create a state which is correctly normal-

again, each leads to an independent loop momentum in th&ed in the largeN. limit.) Thus | find thatvg~1/N. and

original diagram, and thuss+n,=n,. Since this is the

Vo~ 1/N§. For a general diagram, the additional suppression

maximum number of such vertices that can be added, onis by (N.) "¢.

finds the inequalitfA4) with n¢,=0.

The generalization ta. >0 is straightforward. One can
now have additionamg and/or aq vertices, sinceng,; of
them can be used to separate thQg,+ 1 quark-disconnected

I should stress that | am not claiming to extract the fyll
dependence of diagrams. There is also an impNgitlepen-
dence inf, in some of the Gasser-Leutwyler coefficierits,
and in mﬁ and a4 . Indeed the latter two are both propor-

components of the diagram. Thus one finds the general irtional to 1N; [1]. My idea is that, based on the general

equality of Eq.(A4).

success of the Okubo-Zweig-lizuK®ZI) rule, it is likely

When using this formula two additional results should bethat constants such ag anduv, are suppressed relative to
borne in mind. First, there is, in general, no nontrivial lowerunity. Keeping track of the powers of N/ associated with

limit on the number ofné and a4 Vvertices. One might have
expected the constraims+n,=n.,, i.e. thatmé and ag,

these constants allows one to implement this as one deems
appropriate.

vertices are necessary to lead to quark-disconnected compo- Higher order terms in the quenched chiral Lagrangian in-
nents. This is not the case, however, because loop diagrani§lve more derivativegacting on eithet) or o) and more
involving connected vertices can lead to quark-disconnectetctors of y. These can be accounted for, along with those

correlators, as discussed in Rdft4,18 for the hairpin ver-
tex. Second, even if a given choicerf, n, andn, satisfies
the constraint in Eq(A4), there may not be a diagram con-
tributing to Ay . Examples of this will be seen below.

2. Including £, and higher order Lagrangians

It is straightforward to include the “standardd(e*) La-
grangian,C,, in the power counting. Each vertex frofi o
gives an additional factor af?, as in the unquenched theory,
and the constraint ons+n, remains unchanged. It should

from vertices inL;,, by introducing the quantity,, which
counts the number of factors af plus half the number of
derivativesbeyond those that would appear if the vertices
were from the lowest order Lagrangiafi,. Thus a vertex
from the standard chiral Lagrangian with six derivatives and
one factor ofy would incrementn; by three. Overall, dia-
grams are multiplied by an extra factor af2)".

There is an ambiguity in this definition of;: does, for
example, the vertex proportional t@®,)* count asng
=1,n,=2 andn,;=2 or asn,=1, n,=2 andn;=17? In
other words, does it contribute a correction proportional to
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TABLE II. Leading contributions to the hairpifguark-disconnectgdwo-point correlator in quenched chiral perturbation theory. All
contributions up tae'9? relative to the leading order term in one or both power-counting schemes are included. Notation as in Table II. The
references to Figs. 3 and 4 refer to the entire diagram.

ng N N, n, Ny PC PC1 PC2 Figure Comment

0 0 0 0 0 1 Absent

0 1 0 0 0 8l €? 1 e B 4(a) mo vertex

0 0 1 0 0 @e/3) € e 4(a) ag vertex

0 1 0 1 0 8 €? e*? 3(b) Wave function renormalization frorag
0 0 0 1 0 e € € 4(b) Two-supertrace vertex frorh,

0 0 0 0 1 1N2 Absent

0 0 0 1 1 €2IN¢ e B 4(e) vg vertex

1 0 0 0 0 € € € 4(c) Present even in quenched theory
1 1 0 0 0 S Absent

1 2 0 0 1 8%l €2 € €23 3(a No contribution toD or S

1 2 0 1 0 52 et e 3(e) Wave function renormalization frorns, Ls andLq
1 1 1 0 0 S(agl3) et B 3(a No contribution toD or S

1 1 0 0 1 S/N, Absent

2 3 0 0 0 5% €? e € 3(c,d),4(d) Full result not yet available

2 2 0 0 0 52 e %3

562/N§ or to (a¢/3)64/N§? These are not the same size inhancement of then% vertices, and thatv4/3 is small. One
some power counting schemes, e.g. those discussed belomight argue thatvy,/3~ €, rather thane?, because it is pro-
The ambiguity arises because dimensions can be balancedrtional to 1N, . | prefer the smaller choice given the nu-
either by powers oy or powers off. In fact, this ambiguity merical evidence thak,<1.

also arises for thé{ vertices without derivatives, and | have ~ The second scheme is

chosen there the overall factor oh3/f9 2 rather than

1/f9=4. Fortunately, for the calculation considered in the c2: 5 a 1 4/3

main text, | can leave this ambiguity unresolved, as the op- ~ 3 N2
erators in question do not contribute until higher order than

that | consider.

The preceding considerations together imply the follow- = Ay~ (€2)Ne T ny/3H2n,/3Hng/3

. X . . fN*Z
ing final power counting result:
g p g (A7)
A ( st gyng L2 ag l This enhances the contributions frehy, vertices relative to
N N2 Ng/ “standard” chiral vertices, and is the power counting used in

the text. The power ot is chosen for a reason that will be

Nst+ Ny +HNg=<nNg+Ney. (A5) gxplgined 'below. In fapt, .most'features pf the power count-
ing, including the application discussed in the main text, are
unchanged ife*? is replaced withe.

Table | collects the contributions to the quark-connected

I now apply the resultA5) to the examples considered in correlator that are of size* or smaller relative to the leading
the text, namely the two-point quark-connected and disconorder, in one or both power counting schemes. Table Il gives
nected correlatori.e., A, with n.,=0 and 1 respectively  the analogous contributions to the hairpin correlator, though
To do so | must decide how to tredf aq and 1N relative  only up to sizee!?s. | list all contributions consistent with
to each other and te?. This depends, of course, on the size the constraint in Eq/A5), but, as can be seen from the table,
of quark masses considered. | have in mind mesons somegome are absent in quenched chiral perturbation theory. For

3. Applying the power counting

what lighter than the kaon mass, so tleét=0.2. example, the standard one-loop “tadpole” diagram €1,
| consider two possibilities for the relative size of the gl| othern’s zerg requires an internal quark loop for, .
different terms. The first is =0, although, as observed in Ref44,18, it is present for
L Ncut=1. Another constraint is that the only term with,
S X 2\ng+ng+n,+n 2 =1 andn;=0, namely the interaction quoted in E4.1),
PCLo 3 g € = An 2(6 e 7 can be(and | assume has beermoved by a field redefini-
(A6)  tion.

To illustrate the difference between the power counting
which one might call “standard” power counting. The key schemes, and the general nature of the chiral expansion in
choices here are thai~€?, so that there is no extra en- quenched chiral perturbation theory, | discuss the application
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to the pseudo Goldstone pion mass. This can be obtainetbutions of size~ §e? from Fig. 3e). The latter receives
from the amputated quark-connected vertex. In the PCtontributions not only from thés andLg vertices(calcu-

scheme, NLO contributions to the quark-connected corfated in BDET) but also from the., andL g vertices(not yet
relator are from the Gasser-Leutwyler constdetstering at  calculated.

tree leve) and them3 vertex (at one loop. The result for the One can go to higher order i@ if one assumes that
pion mass is logM, /) is large, and keeps all terms of size
2 [Slog(M,./u)]". This requires calculating only the tadpole

M% _ 2 X loops, the simplest examples being Figsa)3and (g), and
X 1= dllog(x/n")~1]+8(2Ls L5)f2, (A8) these can be summed to all ord€2$ This may be required
when working at the smallest quark masses used in present
in dimensional regularization and the renormalizationquenched simulationg—10].
scheme of Ref[16]. The aq vertex first contributes at The results in Table Il are used in the calculation in the
NNLO, and is but one of many terms, including three-looptext, and are discussed further there. | only note here that an
diagrams with threen] vertices. important simplification is that Fig.(8) does not contribute
The PC2 scheme is in part an attempt to systematize th® D andS. This would have been the leading correction to
power counting scheme used in BDET. This involves keepD and the leading term i5. It does not contribute because
ing corrections of sizée?log(M ), while those of size&* are  the tadpole loops involving then vertex do not give rise to
dropped. Here | am not treating ldd(./u) as large, so | wave function renormalization. This follows in turn because
must taked larger thane?, which leads to a scheme like the vertex coupling twab,, fields to two nonsinglet pions
PC2. The choiceS~ ¢** is made(as opposed té~e, say  comes only from the mass term Sgtg) +H.c. and not from
so that the three loop® contribution is smaller than thée? the derivative term SteUdU).8
correction. Nevertheless Table | shows that keepingd#te
correction, which is of sizee!%® requires keeping many
other terms. Most have been calculated, but not all. Those®This simplification does not hold for the four derivative single
not yet calculated are the nontrivial two-loop diagrams in-supertrace vertices with couplinds; and Lo, which contribute
volving two mS vertices[Fig. 3(d)], and a subset of the con- through Fig. 3e), as can be seen in the table.
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